Let X be a smooth projective surface defined over C and H an ample line bundle on X. If K X is trivial, that is X is an abelian or a K3 surface, Mukai [Mu4] introduced a quite useful notion called Mukai lattice (H ev (X, Z), , ), where
Definition 0.1. A Mukai vector v is positive (v > 0), if (1) r > 0, or (2) r = 0, c 1 is effective and a = 0 or (3) r = c 1 = 0 and a < 0.
Let E be a stable sheaf of v(E) = v on X. Then obviously T *
x (E) ⊗ L ∼ = E for a general (x, L) ∈ X × Pic 0 (X). Thus dim M H (v) = v 2 + 2 > 0. Since M H (v) is a symplectic manifold, dim M H (v) is even, and hence v 2 ≥ 0. If v 2 = 0, then Mukai showed that M H (v) is an abelian surface (see [Mu6, (5.13)] ). In [Y3] , we studied H i (M H (v), Z) i = 1, 2 under the assumption ℓ(v) = 1. We also constructed a morphism a v : M H (v) → X × X and proved that a v is an albanese map for v 2 ≥ 2, where X is the dual of X. In this paper, we remove the assumptions in [Y3] (Theorem 4.1) and compute the deformation type of M H (v). Then our next interest is the fiber of the albanese map. If v 2 = 0, then Mukai showed that a v is an immersion. If v 2 = 2, then Mukai [Mu2] and the author [Y3, Prop. 4.2] showed that a v : M H (v) → X × X is an isomorphism. Hence we assume that v 2 ≥ 4. Let K H (v) be a fiber of a v . Then dim K H (v) = v 2 − 2. Hence if v 2 ≥ 6, then dim K H (v) ≥ 4. In this case, we get the following, which is an analogous result to that for a K3 surface.
Theorem 0.2. Let X be an abelian surface. Let v ∈ H ev (X, Z) be a primitive Mukai vector such that v > 0, c 1 (v) ∈ NS(X) and v 2 ≥ 6.
Our theorem shows that Mukai lattice for an abelian surface is as important as that for a K3 surface. This is our main motivation of this paper. As an application of this theorem, we shall show that for some v, M H (v) is not birationally equivalent to Y × Hilb n Y for any Y ( Example 4.1). In section 1, we collect some known facts which will be used in this paper. Also we define chamber structure of polarizations for moduli spaces of stable sheaves of pure dimension 1. In section 2, we collect elementary facts on Fourier-Mukai transforms. In K3 surfaces cases, we know that isometries of Mukai lattices are quite useful to compute the period of moduli spaces [Mu4] , [Y5] , [Y7] . Hence it is also important to study isometries in our cases. Fourier-Mukai transforms are good examples of isometries [Mu5] . So we also consider the relation between Fourier-Mukai functors and the homomorphism θ v (Proposition 2.4 and 2.5). Indeed, if we can find enough examples to prove Theorem 0.2 (1) of birational maps M H (v) · · · → M H ′ (w) induced by Fourier-Mukai functor, then (2) follows immediately from these propositions.
Unfortunately, even for original Fourier-Mukai functor F P investigated by Mukai [Mu2] , [Mu5] , only a few example of birational maps induced by F P are known. Hence it is very interesting to construct lots of examples of birational maps. In section 3.1, we shall construct enough examples (Proposition 3.2, 3.5) to prove Theorem 0.2 for the case where ℓ(v) = 1. This part is the technical heart of this paper. Let us briefly explain the main idea of our construction.
Let (X, H) be a polarized abelian surface of NS(X) = ZH. Let X be the dual abelian surface of X and P the Poincaré line bundle on X × X. We assume that v(E) = r + H + aω and χ(E) = r + a < 0. Then for any E ∈ M H (v), we can show that (1) F i P (E) := R i p X * (p * X E ⊗ P) = 0 for i = 1 and (2) F 1 P (E) is a stable sheaf, where p X : X × X → X (resp. p X : X × X → X) is the projection. We shall explain how to prove (1). Since E is stable and (c 1 (E), H) > 0, F 2 P (E) = 0. Since p * X E ⊗ P is torsion free, it is sufficient to prove #{x ∈ X|H 0 (X, E ⊗ P x ) = 0} < ∞. (0.2)
Assume that H 0 (X, E ⊗ P xi ) = 0 for distinct points x 1 , x 2 , . . . , x n ∈ X. Our main idea is to consider the evaluation map:
If n > r, then φ is surjective in codimension 1 and ker φ is stable (see [Y5, Lem. 2 
.1]). Then we see that v(ker φ)
2 < −2, if n ≫ r. On the other hand, v(F ) 2 ≥ 0 for any stable sheaf F on X. Thus n is bounded above. Therefore (0.2) holds. Motivated by a recent work of Markman [Mr] and a work of Mukai [Mu5] , we shall also treat the composition of F P and the "taking dual" functor. Under similar minimality conditions for c 1 (E) (cf. [Y5] ), our method also works for Fourier-Mukai functor on K3 surfaces ([Br2] , [Mu8] , [Or] ). Hence we shall also treat K3 surface cases (Theorem 3.11) . Although this part is not necessary to prove Theorem 0.2, to construct isomorphisms between different moduli spaces are interesting of its own. The reader who is only interested in the proof of Theorem 0.2 can skip section 3.2. As an interesting corollary of Theorem 3.11, we shall construct two different K3 surfaces X, Y such that Hilb In order to treat the case where ℓ(v) > 1, we need to consider Fourier-Mukai transform on elliptic abelian surfaces. Hence we also consider (relative) Fourier-Mukai transform on elliptic surfaces (Theorem 3.21) .
In section 4, we shall consider moduli spaces of stable sheaves on abelian surfaces. Since the canonical bundle of M H (v) is trivial, M H (v) has a Bogomolov decomposition. We shall first construct a decomposition which will become a Bogomolov decomposition for M H (v). In section 4.2, we discuss Fourier-Mukai functor on abelian surfaces again. In particular, we consider the relation of Fourier-Mukai functor and the albanese map of moduli spaces. In section 4.3, we prove Theorem 0.1 and 0.2. We shall first treat rank 1 case. In this case, K H (v) is the generalized Kummer variety K n−1 constructed by Beauville [B] , where v 2 /2 = n. Hence Theorem 0.2 follows from Beauville's description of H 2 (K n−1 , Q) and some computations. By deformation arguments as in [G-H] , [O] , [Y3] , and isomorphisms constructed in section 3, higher rank cases follow. As another application of Theorem 0.2, we shall construct a non-Kähler compact symplectic manifold which is an elementary transform of K H (v) (cf. [H, 2.5] ). In section 4.5, we shall treat the remaining case, i.e. v 2 = 4. In this case, we shall prove that K H (v) is isomorphic to a moduli space of stable sheaves on the Kummer surface associated to X.
By a modification of the proof of Theorem 0.1, we can also treat moduli spaces of sheaves on K3 surfaces. This is treated in section 5. This paper is an extended version of my papers [Y6] .
Preliminaries
Notation.
2 Let M be a complex manifold. For a cohomology class x ∈ H * (M, Z), [x] i ∈ H 2i (X, Z) denotes the 2i-th component of x. For a projective manifold M , Amp(M ) ⊂ H 2 (M, Q) is the ample cone of M . Let p : X → Spec(C) be an abelian surface or a K3 surface over C. We denote the projection S × X → S by p S . In this paper, we identify a divisor class D with the associated line bundle O X (D) in many cases.
If NS(X) = Z, then for a coherent sheaf E on X, we set deg(E) := (c 1 (E), c 1 (H)) (c 1 (H) 2 ) ∈ Z, (1.1) where H is the ample generator of NS(X).
1.1. Mukai lattice. We shall recall the Mukai lattice [Mu4] . Definition 1.1. We define a symmetric bilinear form on H ev (X, Z) := ⊕ i H 2i (X, Z):
where x = x 0 + x 1 + x 2 , x i ∈ H 2i (X, Z) (resp. y = y 0 + y 1 + y 2 , y i ∈ H 2i (X, Z)) and x ∨ = x 0 − x 1 + x 2 . We define weight 2 Hodge structure by      H 0,2 (H ev (X, C)) = H 0,2 (X)
(1.2)
We call this lattice Mukai lattice.
For a coherent sheaf E on X, v(E) := ch(E) td X = ch(E)(1 + εω X )
is the Mukai vector of E, where ω X is the fundamental class of X ( we usually denote it by ω) and ε = 0, 1 according as X is of type abelian or K3. Then Riemann-Roch theorem is written as follows:
χ(E, F ) = − v(E), v(F ) , (1.3) where E and F are coherent sheaves on X.
For an abelian surface X, Mukai lattice has a decomposition
where U is the hypabolic lattice.
1.2. Moduli space of stable sheaves. Let X be an abelian or a K3 surface, and H an ample line bundle on X. For v ∈ H ev (X, Z), let M H (v) be the moduli space of stable sheaves E of Mukai vector v(E) = v and M H (v) the Gieseker compactification of M H (v) by adding semi-stable sheaves. By Mukai [Mu3] , M H (v) is smooth of dimension v 2 + 2 and has a symplectic structure. We choose an ample divisor H on X which does not lie on walls with respect to v ( [Y2] ). Then (♮) for every µ-semi-stable sheaf E of v(E) = v, if F ⊂ E satisfies (c 1 (F ), H)/ rk F = (c 1 (E), H)/ rk E, then c 1 (F )/ rk F = c 1 (E)/ rk E. In particular, if v is primitive, then M H (v) = M H (v), and hence M H (v) is compact.
We set v ⊥ := {x ∈ H ev (X, Z)| v, x = 0}.
Let θ v : v ⊥ → H 2 (M H (v), Z) be Mukai homomorphism defined by
where E is a quasi-universal family of similitude ρ. For a line bundle L on X, let T L : H ev (X, Z) → H ev (X, Z) be the homomorphism sending x to x ch(L). Then T L is an isometry of Mukai lattice.
Lemma 1.1. If rk v > 0 and H is general, then T L defines an isomorphism
Proof. Let E be a stable sheaf of v(E) = v. Assume that E ⊗ L is not stable. Since the operation E → E ⊗ L preserves µ-semi-stability, there is a subsheaf F ⊂ E such that
(1.7)
Since H is general, (1.7) implies that c 1 (F )/ rk F = c 1 (E)/ rk E. A simple calculation shows that
(1.8)
This means that E is not stable. Hence E ⊗ L must be a stable sheaf. (1.6) follows from direct computations.
Remark 1.1. If rk v = 0, then twisting by a line bundle L does not preserve the stability in general.
1.3. Beauville's bilinear form. Let M be an irreducible symplectic manifold of dimension 2n. Beauville [B] constructed a primitive symmetric bilinear form
Up to multiplication by positive constants,
where φ is a holomorphic 2 form with M φ n φ n = 1. For λ, x ∈ H 2 (M, C), the following relation holds [B, Thm. 5] :
where v(λ) = M λ 2n .
1.4. Stable sheaves of pure dimension 1. Let X be an arbitrary surface and H an effective divisor of (H 2 ) > 0 on X. Let E be a pure dimension 1 sheaf of (c 1 (E),
for any proper subsheaf F = 0 of E, and E is stable if the inequality is strict. We assume that χ = 0. Under this assumption, we shall generalize the concept of the chamber structure of polarizations.
For a subsheaf F of E, we set ξ :
If W ξ is not empty, then the Hodge index theorem implies that (ξ 2 ) ≤ 0. We claim that the choice of c 1 (F ) is finite and only depends on (c 1 (H), χ). Then the choice of χ(F ) is finite, which shows that the number of non-empty walls W ξ is finite.
Proof of the claim: We fix an ample line bundle L 0 on X. Let D be an effective divisor on X such that det (F ) 
It is well known that C d is bounded. Hence the choice of c 1 (F ) is finite. Thus our claim holds.
We shall call a chamber a connected component of Amp(
2. Fourier-Mukai functor 2.1. Notation. Let ((X 1 , H 1 ), (X 2 , H 2 ), P) be a triple of polarized K3 or abelian surfaces (X 1 , H 1 ), (X 2 , H 2 ) and a coherent sheaf P on X 1 × X 2 such that (i) P is flat over X 1 and X 2 , (ii)
We denote the projections X 1 × X 2 → X i , i = 1, 2 by p Xi . Let D(X 1 ) and D(X 2 ) be bounded derived category of coherent sheaves on X 1 and X 2 respectively. Then the functor
gives an equivalence of categories. F P is called Fourier-Mukai functor defined by P. We define
is the inverse of F P . For a coherent sheaf E on X 1 (resp. a coherent sheaf F on X 2 ), we set
By Grothendieck-Riemann-Roch theorem, the following diagram is commutative.
. By Lemma 2.1, we get
(2.10)
We are also interested in the composition of F P and the "taking-dual" functor
For a coherent sheaf E on X 1 (resp. a coherent sheaf F on X 2 ), we set
Then there are spectral sequences
In particular
be the isomorphism of lattices defined by
We define an open subscheme of M H1 (v) by
The following lemma which follows from the proof of base change theorem was proved by Mukai [Mu5, Thm. 1.6 ].
Lemma 2.3. Let {E s } s∈S be a flat family of stable sheaves on X 1 such that E s ∈ U . Then {F i P (E s )} s∈S is also a flat family of stable sheaves on X 2 .
Then F P induces a morphism f : U → M H2 (w). By properties of F P , f is an open immersion. We assume that codim MH 1 (v) (M H1 (v) \ U ) ≥ 2 and U → M H2 (w) is birational. We denote the image of U by V . We set U = X 0 and we denote projections U × X 1 × X 2 → X j and U × X 1 × X 2 → X j × X k by q j and q jk respectively. We also denote the projection U × X j → U by r j and the projection U × X j → X j by s j . Let E be a quasi-universal family of similitude ρ on U × X 1 . By the identification U → V , R i q 02 * (q * 12 P ⊗ q * 01 E) becomes a quasi-universal family of similitude ρ on V × X 2 . The following proposition shows the importance of Mukai lattice. Indeed, it will play an important role to compute the period of K H (v).
(2.20)
, we get (2.19). For G P , we set
Then under similar assumptions on U ′ , we get the following.
Proposition 2.5.
⊥ and the following diagram is commutative.
3. Isomorphisms induced by F P 3.1. Original Fourier-Mukai functor. We start with original Fourier-Mukai functor. So we assume that X is an abelian surface. Let X be the dual of X and P the Poincaré line bundle on X × X. We shall consider functors F P and G P . In [Mu5, Prop. 1.17 ], Mukai proved the following.
Lemma 3.1. By the canonical identification
We assume that NS(X) = ZH, where H is an ample generator. Then the dual of X also satisfies the same condition. We set H := det(−F P (H)). Then H is the ample generator of NS( X). By Lemma 3.1,
where ω is the fundamental class of X.
3.1.1. The case where v, 1 < 0. In this subsection, we treat the case where v, 1 < 0. We first treat the functor G P . Proposition 3.2. Let E be a µ-stable sheaf of Mukai vector v(E) = r+c 1 (H)+aω. If a > 0, then E satisfies WIT 2 with respect to G P and
Proof.
(1) E satisfies WIT 2 : Clearly E ⊠ O X is flat over X. Hence we can use base change theorem to show G 0
We first prove the following two claims:
By the stability of E, we get claim (i). Suppose that Ext [Y5, Lem. 2 .1], we get a µ-stable extension sheaf G:
Hence n must satisfy the inequality n ≤ v(E) 2 /2a. In particular claim (ii) holds.
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Applying base change theorem, we see that
P (E)) = 0. By using the spectral sequence (2.14), we conclude that
is locally free in codimension 1, T is of dimension 0. Hence T satisfies IT 2 and G 2 P (T ) is a locally free sheaf of deg(
where B( = 0) is a µ-stable sheaf of deg (B) ≤ 0. Then we get (3.5) and an exact sequence
for any x ∈ X, then by using base change theorem again, we get G 2 P (B) = 0. This implies that B satisfies WIT 1 . By (2.16),
also satisfies the same condition. Taking into account of Lemma 2.3, we get an
Remark 3.1. If r = 0 and a > 0, then
) is irreducible (which will also follow from the proof of Theorem 0.2). Hence
is an isomorphism in this case too. By the proof of this proposition, E satisfies IT 2 for G P if a > v 2 /2. By Serre duality, E satisfies IT 0 for
is also µ-stable. Thus we get the following. Corollary 3.3. Let E be a µ-stable sheaf of Mukai vector v(E) = r+c 1 (H)+aω. We assume that a > v 2 /2. Then E satisfies IT 0 with respect to F P and
we also obtain the following.
Corollary 3.4. Let E be a µ-stable vector bundle of Mukai vector v(E) = r − c 1 ( H) + a ω on X. We assume that a > 0. Then E satisfies WIT 2 with respect to F P and
3.1.2. The case where v, 1 > 0. As in the previous subsection, we assume that NS(X) = ZH.
Proposition 3.5. Let E be a µ-stable sheaf of Mukai vector v(E) = r + c 1 (H) + aω. We assume that a < 0. Then E satisfies WIT 1 with respect to F P and
Proof. (1) E satisfies WIT 1 : We first show that H 0 (X, E ⊗ P x ) = 0 except for finitely many points x ∈ X. Suppose that k i := h 0 (X, E ⊗ P xi ) = 0 for distinct points x 1 , x 2 , . . . , x n . We shall consider the evaluation map
. By the proof of [Y5, Lem. 2.1], φ is surjective in codimension 1 and ker φ is µ-stable. We set b := dim(coker φ).
. Therefore H 0 (X, E ⊗ P x ) = 0 except for finitely many points x ∈ X. Base change theorem implies that F 0 P (E) is a torsion sheaf of dimension 0. Since E is a torsion free sheaf on the integral scheme Supp(E), F 0 P (E) is torsion free. Hence we get F 0 P (E) = 0. By the stability of E and Serre duality, H 2 (X, E ⊗ P x ) = 0 for all x ∈ X. Hence F 2 P (E) = 0. Therefore E satisfies WIT 1 .
(2) F 1 P (E) is torsion free: Let T be the torsion subsheaf ofÊ. By (1), T is of dimension 0. SinceÊ satisfies WIT 1 and T satisfies IT 0 , T must be 0.
(
P (E) be the Harder-Narasimhan filtration of F 1 P (E). We shall choose the integer k which satisfies deg (F 
On the other hand, we also see that
3.2. More general cases. In this subsection, we treat more general cases. Since we do not need this subsection to prove Theorem 0.2, the reader interested in only the proof of Theorem 0.2 can skip this subsection.
Let (X, H) be a polarized abelian (or K3) surface of (H 2 ) = 2r 0 k, where r 0 and k are positive integers of (r 0 , k) = 1. We assume that NS(X) = ZH. We set v 0 : [Mu7] (see Corollary 4.6), [Mu8] and Orlov [O] proved that E satisfies conditions (2.1) and (2.2). Thus E defines Fourier-Mukai functor
We claim that H is a primitive ample line bundle of (c 1 ( H) 2 ) = (c 1 (H) 2 ). Proof of the claim: By Grothendieck-Riemann-Roch theorem, we have
By direct computations, we see that v 0 and v (O H 
is an isomorphism, c 1 ( H) is primitive. By Li [Li] and the following lemma, H is ample. Hence H is a primitive ample line bundle.
Lemma 3.6. Let X be an abelian surface and
is an ample line bundle on Y .
Proof. Let E be a quasi-homogeneous vector bundle of v(E) = w. Mukai [Mu1] showed that E is stable with respect to any ample line bundle on X. Let m : X × X → X be the multiplication map. Then m * E is a family of quasi-homogeneous vector bundles of Mukai vector w. Hence we get a morphism φ E : X → M H (w). Replacing E by E ⊗ L ⊗n , n ≫ 0, we may assume that c 1 (E) is ample. Then this map is finite. In order to prove the ampleness of L, it is sufficient to prove the ampleness of φ *
∨ , where p i : X × X → X is the i-th projection. By using Grothendieck-Riemann-Roch theorem, we have
Since E is a universal family of stable sheaves of Mukai vector v 0 , we get the following relations: (3.20) where x, y ∈ Z. Since F H E is an isometry, we see that x = 0 and y = 2kd 1 . Hence we get our lemma.
Lemma 3.8. We set w 0 :
Proof. By (2.1), E |{x}×Y , x ∈ X is a simple vector bundle on Y . Since NS(Y ) = Z H and w 0 = v(E |{x}×Y ) is an isotropic Mukai vector, E |{x}×Y is a stable vector bundle on Y ( [Mu4, Prop. 3.14] ). Since (r, d 1 ) = 1, E |{x}×Y is µ-stable. Hence there is a morphism ψ : X → M H (w 0 ). By (2.1), this morphism is injective. Since M H (w 0 ) is a smooth projective surface, ψ is an isomorphism.
In order to generalize Proposition 3.2, and 3.5, let us introduce some notations. Let G be a locally free sheaf on X. For a torsion free sheaf E on X, we define
, we can also define rk G (x) and deg G (x) (resp. rk G (v(x) ) and deg G (v(x) )). Then we see that
The following lemma is obvious.
Lemma 3.9. (1) E is µ-stable if and only if
Assume that deg G (E) = 1. Then it is easy to see that E is µ-stable if and only if deg
Lemma 3.10. We choose points s ∈ X and t ∈ Y . We set
Proof. We set
It is sufficient to prove that r
This follows from the following relations which come from Lemma 3.7: (3.27) Due to this lemma, we can use the same arguments as in Propositions 3.2 and 3.5. Hence we get the following theorem. 
Example 3.1. Keep the notations as above. We set
where s > 0, sr 0 > n > 0 and (r 0 , n) = 1. Then v 2 = 2s and v, v
Example 3.2. We shall explain an example of two different K3 surfaces X, Y such that Hilb n X and Hilb n Y are isomorphic or birational for some n. Let (X, H) be any polarized K3 surface of (H 2 ) = 12. We set [Li] implies that H := H − 6ω X is a nef and big divisor and H is ample if and only if Y consists of µ-stable vector bundles. In general, (Y, H) ∼ = (X, H) ([Mu9, Rem.
10.13]).
Proof of the claim: Let M 12 be the moduli space of polarized K3 surfaces of degree 12 and M 12 the moduli space of quasi-polarized K3 surfaces of degree 12. Then the correspondence (X, H) → (Y, H) gives a morphism M 12 → M 12 . Since M 12 is quasi-projective (and hence Hausdorff), we shall prove that (X, H) ∼ = (Y, H) for an elliptic K3 surface π : X → P 1 of ρ(X) = 2. We may assume that there is a section σ of π and H = σ + 7f , where f is a fiber of π. Assume that (X, H) ∼ = (Y, H). Then there is an isometry ψ : NS(X) → NS(Y ) such that ψ(H) = H. By direct computations, we see that v ⊥ 0 is generated by e 1 := 1 − 3f , e 2 := 2f − ω X and v 0 . Hence NS(Y ) = Ze 1 ⊕ Ze 2 , where (e 1 , e 1 ) = (e 2 , e 2 ) = 0 and (e 1 , e 2 ) = 1.
Since ψ is an isometry, ab = cd = 0. By ψ(H) = H, we get ae 1 + be 2 + 6(ce 1 + de 2 ) = 2e 1 + 3e 2 . Thus a + 6c = 2 and b + 6d = 3. Since ab = 0, this is impossible. Therefore (X, H) ∼ = (Y, H).
We shall choose a polarized K3 surface (X, H) such that ρ(X) = 1 and (X,
We shall consider Fourier-Mukai functor defined by v 0 . We shall choose d 1 = −1 and l = 1. Let E be a universal vector bundle on X × Y . Then, by Lemma 3.7, we may assume that (1) Construction of birational map: By Theorem 3.11,
, where I ∆ is the ideal sheaf of the diagonal ∆ ⊂ Y × Y (this is due to Markman [Mr] ). Hence we get a desired birational map
is the Uhlenbeck compactification of the moduli space of µ-stable bundles. Proof of (a), (b), (c): Let Z be the closed subscheme of M H (v) such that F E (Z) is the set of non-locally free sheaves. We shall show that Z ∼ = F E (Z) is a P 2 -bundle over X × Y . For simplicity, we only give a set-theoretic description of F E (Z) here. For more detail, see the argument in section 4.4. Description of F E (Z): For E ∈ F E (Z), there is an exact sequence
We return to the proof of (a), (b), (c). By Li [Li] ,
gives a boundary of the ample cone. Since the other boundary corresponds to the Hilbert-Chow morphism and it is given by Q >0 θ v (−(H + 12ω X )), we get our claim.
In the same way as above, we see that
where E v and Ev are exceptional divisors of Hilbert-Chow morphisms. Hence we get an Hodge isometry
As a final remark, we shall consider the relation between M H (v) and
is the set of non-locally free sheaves. Then Z is a P 2 -bundle over
Proof of the claim: 
and L is ample, we get a morphism φ :
Remark 3.3. By using Example 3.1, we can construct more examples of such pairs X, Y : In the notations of Example 3.1, if r 0 , k > 1, then we can show that M H (v 0 ) ∼ = X for a general X. If we choose n = ±1, then we have Hilb
3.3. Fourier-Mukai functor on elliptic surfaces. Let π : X → C be an elliptic surface such that every fiber is integral. Let σ be the 0-section of π and f a fiber of π. Let P be a Poincare "line bundle" on a compactification of the relative Jacobian X × C X. We regard P as a coherent sheaf on X × X. Let p i : X × X → X, i = 1, 2 be two projections. Then P is p i -flat and parametrizes "line bundles" on fibers of π. We consider Fourier-Mukai functor [Br1, 5] ) defined by
Chern classes: Let τ be a section of π. It is known that O X (σ − τ ) satisfies WIT 1 and
Indeed, let η be the generic point of C. Then we have that
We set
, we get our claim for r = 1 case. For general cases, we use
The following is an easy consequence of the proof of base change theorem.
is torsion free, if the following two conditions are satisfied:
Proof. We choose a locally free resolution
By our assumption, there is a finite subset S of X such that (φ 1 ) x is injective for x ∈ X \ S and (φ 2 ) x is surjective for all x ∈ X. Hence we get
ker φ 2 is a vector bundle and (4) there is an exact sequence
Proof. By the proof of Lemma 3.12, it is sufficient to prove that Hom(P x , L) = 0 for some point x ∈ X. We choose a point x ∈ X which is not contained in Supp(L). Since L is of pure dimension 1, we get Hom(P x , L) = 0.
Proposition 3.14. Let L be a coherent sheaf of pure dimension 1 on X with c 1 (L) = τ −σ +rσ +(n−d(τ ))f and χ(L) > 0. If L is semi-stable with respect to σ + kf , k ≫ 0, then L satisfies the above two conditions. Proof. By taking account of a Jordan-Hölder filtration, we may assume that L is stable. We note that
Since µ(P x ) = 0, x ∈ X, obviously (2) holds. So we shall prove (1). Let D = D vir +D hol be the decomposition of the scheme-theoretic support of L, where D vir consists of all fiber components and D hol consists of the other components. Then we have an exact sequence
where T is the torsion submodule of L |D hol . Then F be a pure dimension 1 subsheaf of L with c 1 (F ) = lf . By the stability of L, we get
for all x ∈ X, we shall prove that Hom(P x , F ) = 0 except finite numbers of points. Proof of the claim: Let
be the Harder-Narasimhan filtration of F with respect to σ + kf . Then
Since F 1 is a subsheaf of L, we also have the inequality χ(F 1 ) ≤ 0. If Hom(P x , F 1 ) = 0, then µ(F 1 ) = 0 and F 1 is S-equivalent to P x ⊕ E for some E. Hence the choice of x is finite. Clearly Hom(P x , F i /F i−1 ) = 0 for i ≥ 2. Hence the claim holds.
Lemma 3.15. Let E be a torsion free sheaf of rk(E) = r > 0 and c
Proof. We shall first prove that P ⊗ p *
be a locally free resolution of P on X × X. It is sufficient to prove that
is injective for all x ∈ X. We note that rk W 1 = rk W 0 and P x ⊗ E is a torsion sheaf on X. Since E is torsion free, ψ x is injective for all x ∈ X. Thus P ⊗ p * 1 (E) is a p 2 -flat sheaf. Hence we can use base change theorem. Since p 2 : X × C X → X is relative dimension 1, R 2 p 2 * (P ⊗ p * 1 (E)) = 0. Since E |π −1 (y) is semi-stable for general y ∈ C, H 0 (X, P x ⊗ E) = 0 for a general point x of X. Thus p 2 * (P ⊗ p * 1 (E)) is a torsion sheaf. By the proof of base change theorem, locally there is a complex of locally free sheaves V 1 φ → V 0 which is quasi-isomorphic to Rp 2 * (P⊗p * 1 (E)). Hence p 2 * (P⊗p * 1 (E)) = ker φ = 0, which means that E satisfies WIT 1 . Also we get proj− dim(coker φ) = 1. Hence R 1 p 2 * (P ⊗ p Corollary 3.16. Let E be a torsion free sheaf on X and assume that E |π −1 (y) is a semi-stable vector bundle of degree 0 for a general y ∈ C. Then E satisfies WIT 1 and F 1 P (E) is of pure dimension 1. Proof. We consider the Harder-Narasimhan filtration of E with respect to σ + kf , k ≫ 0. Applying F P to this filtration, we get our corollary by Lemma 3.15.
Lemma 3.17. Keep the notation as above and assume that E is semi-stable with respect to
we get an exact sequence
On the other hand,
(3.52)
We note that the choice of r ′ is finite. In Lemma 3.18, we shall show that the choice of n ′ is also finite. Since n ≥ 0 (see Lemma 3.19), there is an integer N (r, τ, l, n) such that for k > N (r, τ, l, n),
Lemma 3.18. Keep the notations as above. Then the choice of n ′ is finite and the number of such n ′ is bounded in terms of (r, τ, l, n).
Proof. We fix an ample divisor
Lemma 3.19. Keep the notations as above. Then n ≥ 0.
Proof. By Bogomolov's theorem,
Proof. We note that Lemma 3.12 and Proposition 3.14 imply that L satisfies WIT 1 and
Since k is sufficiently large, F |π −1 (y) and G |π −1 (y) are semi-stable vector bundles of degree 0 for general y ∈ C. Then Corollary 3.16 implies that F and G satisfies WIT 1 and we get an exact sequence
In the same way as in Lemma 3.17, we get a contradiction. Thus F 1 P (L) is semi-stable. Therefore, we get the following theorem.
ss be the moduli stack of semi-stable sheaves E of (rk(E), c 1 (E), χ(E)) = (r, c 1 , χ) with respect to σ + kf , k ≫ 0. Then F P gives an isomorphism of moduli stack
Remark 3.7. Independently, Jardim and Maciocia [J-M] treated the case where r + l = 0.
4. Moduli spaces of stable sheaves on abelian surfaces 4.1. Bogomolov decomposition. From now on, we assume that X is an abelian surface. Let X be the dual abelian variety of X and P the Poincaré line bundle on X ×X. Let v be a Mukai vector of c 1 (v) ∈ NS(X) and
and det : M H (v) → X the morphism sending E to det E ⊗ det E ∨ 0 ∈ X. We set a v := α × det. Under the assumption ℓ(v) = 1, the following was proved in [Y3, Thm. 3.1, 3.6 ]. (1) θ v is injective.
(2) a v is the albanese map.
The proof will be done in section 4.3.
We shall construct anétale covering such that a v becomes trivial. By Theorem 0.2, it will become a Bogomolov decomposition of M H (v).
Let F P : D(X) → D( X) be the Fourier-Mukai functor defined by P. Then
For a line bundle L on X, we setL := det(F P (L)). Then the following relations hold.
Proof. For (x,x) ∈ X × X, the following diagram is commutative ([Mu2, (3.1)]).
D(X)
Hence we see that (−x) . Therefore the first equality holds. Applying (4.5) again, we get that
, we get the second equality.
We define a morphism Φ :
Lemma 4.3. Let v = r + c 1 + aω, c 1 ∈ NS(X) be a Mukai vector and L a line bundle on X such that c 1 (L) = c 1 . Then,
Proof. We shall only prove the first equality. Applying (4.5), we see that
Since c 1 (
= a, and hence we get the first equality.
Let v = r + c 1 + aω, c 1 ∈ NS(X) be a Mukai vector and τ : X × X → X × X a homomorphism sending (x, y) to (rx − φL(y), −φ L (x) − ay). By Lemma 4.2 and 4.3,
where n = v 2 /2. Let ν : X × X → X × X be the n times map and we shall consider the fiber product
We can easily show that this morphism is injective, and hence it is an isomorphism. 
We shall consider the pull-back of a v : M H (v) → X × X by the morphism sending (x, y) to (nx, y).
Definition 4.2. For simplicity, we also denote the homomorphism
Proof. The first claim follows from Lemma 4.3 and the second claim follows from (4.9).
4.2. Fourier-Mukai functor on abelian surfaces. In this subsection, we consider the relation of FourierMukai functor on abelian surfaces to the map a v : M H (v) → X × X (Proposition 4.9). For this purpose, we recall some results of Mukai [Mu7] . Let E be a semi-homogeneous sheaf on X. We set
set for a sufficiently ample line bundle L, where P X is the Poincaré line bundle on X × X. Replacing E by E ⊗ L, we assume that K(E) is a finite set. Assume that E is simple. Let Y be the moduli space of simple semi-homogeneous sheaves F such that ch(F ) = ch(E). Then we have a morphism φ E : X → Y sending x ∈ X to T * x (E) ∈ Y and we get an isomorphism X/K(E) ∼ = Y . By this identification, the translation T φE(a) : Y → Y, a ∈ X is given by the morphism F → T * a (F ), F ∈ Y . We assume that there is a universal family E on Y × X. Let H be an ample line bundle on Y .
Lemma 4.5. E |Y ×{x} is a stable sheaf on Y with respect to H.
Proof. Let m : X × X → X be the multiplication map. By the universal property of Y , there is a line bundle L on X such that m [Mu1, Prop. 6 .16] implies that T *
x (E) is stable for all ample line bundle on X (if dim E = 1, then E is a stable vector bundle on an abelian subvariety of X).
Since φ E is finite, φ * E H is also ample. Hence φ * E (E |Y ×{x} ) is also stable with respect to φ * E H, which implies that E |Y ×{x} is stable with respect to H.
Then it is not difficult to see that E induces an isomorphism X → M H (w), w := v(E |Y ×{x} ) and an equivalence of derived categories (cf. [Mu8, Thm. 2.2]).
So we get a homomorphism λ × µ : X × X → Y × Y . In the same way, we have a homomorphism
Hence we see that (λ
The other relation also follows from similar arguments.
Lemma 4.7 (Mukai [Mu7] ). For a coherent sheaf G on X,
(4.15) Remark 4.2. Corollary 4.6 and Lemma 4.7 also hold for any abelian variety.
We define a homomorphism ϕ :
is an isomorphism (see sect. 4.1), and hence we get our claim.
K(X) 0 is generated by (P X )x − O X ,x ∈ X and C x − C 0 , x ∈ X. Since
Hence we get the following commutative diagram:
where α = I 0 and β = F E (α). Therefore we get our main assertion of this subsection.
Proposition 4.9. Assume that
Then we get the following commutative diagram:
In particular, a v is an albanese map if and only if a w is an albanese map.
4.3.
Proof of Theorem 0.1 and 0.2.
Generalized Kummer variety.
In this subsection, we shall recall Beauville's results [B] on generalized Kummer varieties. Then Theorem 0.2 for r = 1 follows from his results and simple calculations. Let X be an abelian surface. Let X n be the n-th product of X and p i : X n → X the projection to i-th component. Let π : X n → X (n) be the quotient map to the n-th symmetric product of X. We set
. If n = 2, then a −1 (0) is the Kummer surface associated to X and if n ≥ 3, then K n−1 := a −1 (0) is the generalized Kummer variety constructed by Beauville [B] . K n−1 is an irreducible symplectic manifold of dimension 2(n − 1).
We assume that n ≥ 3 and describe K n−1 up to codimension 2 subscheme. For integers i, j, k, we set ∆ i,j := {(x 1 , x 2 , . . . ,
. We set N := {(x 1 , x 2 , . . . , x n )|x 1 + x 2 + · · · + x n = 0}, (4.21)
Then there is a family of ideal sheaves I of colength n which fits in an exact sequence
Since K X ∼ = O X , by using Grothendieck-Riemann-Roch theorem for the embedding ∪ i Γ i ֒→ B ∆ (X n * ) × X, we see that
where, by Poincaré duality, we identifies H * (B ∆ (X n * ), Q) with Borel-Moore homology group H * (B ∆ (X n * ), Q) (cf. [F] ). We set v := 1−nω. Then M H (v) is naturally identified with X
[n] × X and a×1 X : X [n] × X → X × X is identified with the map a v introduced in section 4.1. Hence K H (v) is identified with K n−1 . We shall consider the homomorphism
where e := i<j e i,j .
Lemma 4.10. θ v is an isomorphism. In particular, we get identifications
is injective and im ϕ ⊂ β * (H 2 (N, Z) ), we shall prove that the image of f :
We shall consider the composition g = φ * • f :
Hence im g is a primitive subspace of H 2 (X × X, Z). Therefore im f is primitive.
We shall next prove that θ v preserves the bilinear forms. Since α 2 = (x 2 ) − k 2 (2n) for α = x + k(1 + nω), it is sufficient to prove
We shall choose l ∈ H 2 (X, Z) with (l(1) We shall first consider the relation between q Kn−1 (θ v (x)), x ∈ H 2 (X, Z) and q Kn−1 (θ v (l)). We set
be the projection. We shall first compute η((σ • π) * (ρ)). By direct computations, we see that
Then we see that
In the same way, we see that
(4.37) By (1.11), we obtain that
(2) We shall next consider q Kn−1 (θ v (1 + nω)). For simplicity, we set e := −θ v (1 + nω). Then (π ′′ ) * ( e) = e.
Hence we also denote π ′′ * ( e) by e. Since E i,j is the exceptional divisor of β, β * (E i,j ) = 0 and
Let υ : X n−1 = ∆ 1,n → X be the restriction of σ • π to the diagonal ∆ 1,n . Then,
(4.41)
In the same way as above, we see that the ⊗
ρ) and µ ′ are the same. Hence we see that
(4.42) Thus e is orthogonal to H 2 (X, Z) and
is a primitive bilinear form on H 2 (K n−1 , Z). Then, by the definition of q Kn−1 , (4.38) and (4.43) imply that (4.33) holds. 
is an isometry of Hodge structures.
Proof. We set v = 1 + ξ + aω, ξ ∈ NS(X) and n := v 2 /2. Then we see that (1 − nω) exp(ξ) = v. By (4.33), θ 1−nω is an isometry of Hodge structure. Hence (1.6) implies our claim. Therefore Theorem 0.2 holds for the rank 1 case. Obviously, Theorem 0.1 also holds.
General cases.
Proposition 4.12. Let X 1 and X 2 be abelian (or K3) surfaces, and let v 1 := r + ξ 1 + a 1 ω ∈ H ev (X 1 , Z) and v 2 := r + ξ 2 + a 2 ω ∈ H ev (X 2 , Z) be primitive Mukai vectors such that (1) r > 0, (2) ℓ(v 1 ) = ℓ(v 2 ) = l, (3) v 2 1 = v 2 2 = 2s, and (4) a 1 ≡ a 2 mod l. Then M H1 (v 1 ) and M H2 (v 2 ) are deformation equivalent, where 2 ) = 2n. Then M ′ := {(X, L) ∈ M|ρ(X) ≥ 2} is infinite (countable) union of algebraic subsets (cf. [L-B, Exercise 10.10]). We can also find a suitable polarization for a product of elliptic curves. However, in order to treat the last statement, we also need the method of Göttsche and Huybrechts [G-H] . Hence we do not use O'Grady's arguments here.
We first assume that r > 0. We note that the stability does not change under the operation E → E(n i H i ). Hence by (1.6), we may replace v i by v i ch(H ⊗ni i ), n i ≫ 0. Thus we may assume that ξ 1 and ξ 2 are ample. By using Proposition 6.1 in Appendix I, we may assume that H i , i = 1, 2 are general with respect to v i (i.e. (♮) in sect. 1.2 holds). By using Proposition 6.1 again, we may assume that ρ(X i ) ≥ 2 and H i are general. Replacing v i by v i ch (N i ), N i ∈ Pic(X i ), we may assume that ξ i is a primitive ample class of (ξ 2 i ) ≥ 4 (we use Lemma 1.1). By the connectedness of the moduli space of polarized K3 (or abelian) surfaces and Proposition 6.1, we may assume that (1) X 1 = X 2 , (2) X := X 1 has an elliptic fibration π : X → C, (3) H i , i = 1, 2 are general with respect to v i and (4) ξ i /l = σ + n i f , where σ is a section of π and f a fiber of π. Since v 2 1 = v 2 2 = 2s, we see that v 1 exp((a 2 − a 1 )f /l) = v 2 . Hence if H 1 = H 2 , then Lemma 1.1 implies our claims. If H 1 = H 2 , then we take a family of polarized K3 (or abelian) surfaces (X , L) → T such that (X t0 , L t0 ) = (X, ξ 1 ) and ρ(X t1 ) = 1 for t 0 , t 1 ∈ T . Applying Proposition 6.1 again, we can reduce to the case where H 1 = H 2 . Therefore we get our claim. If r = 0, then Proposition 6.1 implies our assertions.
Proof of Theorem 0.1 and 0.2. (I)
We first consider the case where ℓ(v) = 1. Assume that rk v > 0. Let r and s be positive integers. We shall find an abelian surface X and a Mukai vector v = r + ξ + aω ∈ H ev (X, Z) of v 2 = 2s which satisfy the claims of Theorem 0.1 and 0.2. Let (X, H) be a polarized abelian surface of 22 NS(X) = ZH and (H 2 ) = 2r + 2s. We set v = r + H + ω. Since v 2 = (H 2 ) − 2r = 2s, we shall prove the claims for this v. Let X be the dual abelian surface of X and P the Poincaré line bundle on X × X. By Proposition 3.2, G P induces an isomorphism M H (v) → M H (w), where w = 1 + H + r ω. Then we have a commutative diagram:
where we assume that a v (E 0 ) = a w (G 1 P (E 0 )) = 0. Hence under G P , we can identify K H (v) with K H (w). Then, Proposition 2.5 implies that the following diagram is commutative. (II) We next treat general cases, that is, we shall reduce the general cases to ℓ(v) = 1 case. Let X be an abelian surface and v = l(r + c 1 ) + aω, c 1 ∈ NS(X) a primitive Mukai vector such that l = ℓ(v) and 2ls := v 2 > 0. (II-1) We first assume that rk v > 0. We take a positive integer k such that n := rk − (c 2 1 )/2 > 0. Since (l, a) = 1, we may assume that b := a − kl and r are relatively prime. Let C be an elliptic curve which has an endomorphism φ : C → C of ker φ ∼ = Z/nZ. We set Y := C × C. Let π : Y → C be the first projection, f a fiber of π and σ the 0-section of π. Then the graph Γ φ ⊂ Y satisfies that (Γ φ , σ) = n. Hence ξ n := Γ φ − σ − nf satisfies that (ξ 2 n ) = −2n. We set w := l(r + (−ξ n + f )) + bω. By Remark 3.5, M σ+kf (w) = M σ+kf (w), k ≫ 0. In particular, it is compact. Since w 2 = 2ls, by Proposition 4.12, it is sufficient to prove Theorem 0.1 and 0.2 for M σ+kf (w), k ≫ 0. By Theorem 3.21, we have an isomorphism (II-2) We next assume that rk v = 0. In this case, we use an isomorphism
of moduli spaces on the elliptic surface π : Y = C × C → C. Then we can reduce our problem to the case where rk v > 0.
Proof of Theorem 4.1. By direct computations, we can also show that Theorem 4.1 holds for r = 1. Then, by similar method as in the proof of Theorem 0.2, we can prove Theorem 4.1: In order to prove Theorem 4.1 (3), we use Proposition 4.9.
Remark 4.3. In the case where ℓ(v) = 1, Dekker [D] proved Theorem 0.1 by using Fourier-Mukai functor on a product of elliptic curves. However, there may be some gaps in his proof. For example, the second line of the proof of [D, Thm. 4 .9] may not be clear and the proof of [D, Thm. 4 .11] is not true. Also the arguments in [D, sect. 5] are not true. It might be interesting to justify his arguments.
The following example is similar to [Mu6, 5.17] .
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Example 4.1. Let X be an abelian surface with NS(X) = ZH, (H 2 ) = 2. We set v = 2 + H − 2ω. Then M H (v) is a variety of dimension 12. It is easy to see that v ⊥ is generated by α := 1 + ω and β := H + ω. Since
Remark 4.4. Combining the dimension counting in [Y7] , we can show the following (the second claim is due to Mukai [Mu5] ).
• Assume that v is primitive, v > 0 and v 2 > 0. Then for a general H, 
Proof. Assume that S(v) does not contain a semi-stable sheaf. Let Q(v) be an open subscheme of a suitable quot scheme Quot
. . , v s ) be the set of q ∈ Q(v) such that the Harder-Narasimhan filtration of E q : 
where v(E i ) = v i . We set v i := l i w i , where w i are primitive. Then v 2 = 2l 1 l 2 n, where n = w 1 , w 2 . Since E is simple, Hom(E 2 , E 1 ) = 0. Hence n = w 1 , w 2 > 0. We denote the moduli stack of semi-
Hence we have l 1 + l 2 + l 1 l 2 n = 2l 1 l 2 n + 1, which implies that n = 1 and (l 1 − 1)(l 2 − 1) = 0. Assume that NS(X) = ZH. We set w i : 
Hence we can apply Theorem 4.14 to
. For an evidence, we can show the following theorem.
Theorem 4.17. Assume that NS(X) = ZH and P is the Poincaré line bundle on X × X. Let r + dH + aω be a primitive Mukai vector such that r > 0 and d ≥ 0.
For the proof, see Appendix II.
4.4. Non-Kähler symplectic manifold. For another application of Theorem 0.2, we shall give an example of non-Kähler compact symplectic manifold. Let X be an abelian surface of NS(X) = ZH and assume that v 2 = 2r. We set
, where O X,x is the stalk of O X at x. Since Ext 2 (E, E) ∼ = C and E ∨∨ is simple, by using the local-global spectral sequence, we see that .54) is surjective. In the local deformation space of E ⊗ O X,x , the locus of non-locally free sheaves is smooth of codimension r − 1. Hence M H (v) s is smooth of codimension r − 1.
Bu our assumption, (v + ω)
is an abelian surface and consists of semihomogeneous vector bundles. For simplicity, we assume that there is a universal bundle F on Y × X (e.g.
and (r, dk) = 1). We shall prove that P := P(F ) is isomorphic to M H (v) s . Let ̟ : P → Y × X be the projection and ̟ * F → O P (λ) the universal quotient line bundle. Let Γ be the graph of the projection P → X. Then there is a surjective homomorphism
Since O Γ (λ) is flat over P, ker φ is a flat family of torsion free sheaves of v(ker φ t ) = v, t ∈ P. Thus we get a morphism P → M H (v) s . It is easy to see that this morphism is proper and bijective. Hence it is isomorphic.
Let us consider the fiber product
. We shall prove that K H (v) s is disjoint union of r 2 copies of P r−1 . Let E 0 be an element of P such that ̟(E 0 ) = (0, 0). We may assume that a(E 0 ) = (0, 0). Then the restriction of a to P factors P → Y × X → X × X, where Y × X → X × X is the map sending (y, x) to (det(y), α(y) − x). By [Mu1] , # ker(det) = r 2 (see Lemma 4.19). Hence K H (v) s is r 2 copies of P r−1 . Let P 1 , P 2 , . . . , P r 2 be the r 2 copies of P r−1 . We shall consider Mukai's elementary transformation
Proof. By our assumption on X and Corollary 4.13,
. . , l r 2 be lines on P 1 , P 2 , . . . , P r 2 respectively. For a line bundle A of c 1 ( Let N H (v, A) be the Uhlenbeck's compactification of the moduli space of µ-stable vector bundles E of Mukai vector v and det E = A. By Li [Li] , N H (v, det E 0 ) is a projective scheme and there is a contraction f :
Let L be the pull-back of an ample line bundle on N H (v, det E 0 ). Then (L, C) = 0 for any curve which does not contained in
′ be the center of the elementary transformation and l
′ by the same L. Therefore we also get that Q l
Since Kähler form has positive intersection with effective 1-cycles, we get that Proof. We first treat original Fourier-Mukai functor. By Lemma 3.1, G H P is defined over Z. The second assertion follows from the same computation in Proposition 2.4.
Let X = C 1 × C 2 be a product of two elliptic curves C 1 , C 2 . Let P be a universal family on relative jacobian on i : X × C1 X ֒→ X × X. By a direct computation, we see that ch(i * (P)) ∈ H * (X × X, Z). Hence the first claim holds. The second assertion follows from the same computation in Proposition 2.4. 4.6. The case where v 2 = 4. In this subsection, we shall treat the remaining case, that is, v 2 = 4. In this case, K H (v) is a K3 surface. We shall determine this K3 surface. Let v = r + ξ + aω, ξ ∈ NS(X) be a Mukai vector of v 2 = 4. Then we see that ℓ(v) = 1, 2. Replacing v by v ch(H ⊗m ), m ≫ 0, we may assume that ξ belongs to the ample cone. Let ι : X → X be the (−1)-involution of X and x 1 , x 2 , . . . , x 16 the fixed points of ι. Let π : X → X be the blow-ups of X at x 1 , x 2 , . . . , x 16 and E 1 , E 2 , . . . , E 16 the exceptional divisors of π. Let q 1 : X → X/ι be the quotient map. Then the morphism q 1 • π : X → X/ι factors through the quotient X/ι of X by ι : X q2 → X/ι ̟ → X/ι. Let Km(X) := X/ι be the Kummer surface associated to X and ̟ : X/ι → X/ι the minimal resolution of X/ι. We set C i := q 2 (E i ), i = 1, 2, . . . , 16.
Since the notion of stability only depends on the numerical equivalence class of H, replacing H by H ⊗ P , P ∈ Pic 0 (X), we may assume that H is symmetric, that is,
is an ample line bundle on Km(X). We shall fix a sufficiently large integer m. We would like to relate K H (v) to M Lm (w) for some w ∈ H * (Km(X), Z).
4.6.1. The case where ℓ(v) = 1. Let w = r + c 1 + aω ∈ H ev (Km(X), Z) be an isotropic Mukai vector of c 1 ∈ NS(X). We shall look for some conditions on w such that
∨∨ is µ-semi-stable with respect to H. Since ℓ(w) = 1 and H is a general ample line bundle, π * (q *
(F ))
∨∨ is µ-stable. By the choice of m, q * 2 (F ) is also µ-stable. Hence F is a µ-stable vector bundle, which implies that M Lm (w) consists of µ-stable sheaves.
Since dim M Lm (w) = w 2 + 2 = 2, every member of M Lm (w) is locally free. Moreover general members F of M Lm (w) are rigid on each (−2)-curves C i .
Lemma 4.23. We set N (w, i) := {F ∈ M Lm (w)|F |Ci is not rigid}. Then N (w, i) is not empty if and only if r| deg (F |Ci 
Proof. We assume that F |Ci is not rigid. We set
Thus n 1 = j≥2 n j (a j − a 1 − 1) = 1. Therefore we get that
In this case, v(F ′ ) 2 = −2, and hence F ′ is a unique stable vector bundle of v(
. It is not difficult to see that the choice of inverse transformations is parametrized by P 1 . Therefore N (w, i) is a rational curve.
We shall consider the pull-back q * 2 (F ) of a general member F . Since
⊕ki be the quotient map induced by the quotients q *
Hence π * (G) is a stable vector bundle on X. So we get a rational map f :
is a K3 surface, the image of M Lm (w) belongs to a fiber of a. Since q * 2 (F ) is a stable (and hence a simple vector bundle) and ι has fixed points, ι-linearization on F is uniquely determined by q * 2 (F ). Hence f is generically injective. By a simple calculation, we get that
(4.66)
− 2ra = 4, we shall look for such a vector w ∈ H ev (Km(X), Z). We shall divide the problem into two cases. We also treat the case where r = 0.
Case (I). We first assume that r is even. In this case, d must be odd. By the condition (c), (N 2 ) = 2n is divisible by 4. Thus n is an even integer. In this case, replacing N by N ⊗ P , P ∈ Pic 0 (X), we may assume that N has an ι-linearization which acts trivially on the fibers of N at exactly 4 points (cf. Rem. 7.7] ). Replacing the indices, we assume that the 4 points are x 1 , x 2 , x 3 , x 4 . We set
Then for suitable linearizations, N 1 and N 2 descend to line bundles ξ 1 and ξ 2 on Km(X) respectively. By simple calculations, we get that
2 ) = r(a − 2r + 1).
(4.68) (I-1) We first assume that r > 0 and set
Then we get that w 2 = 0. Let F be a general stable vector bundle of v(F ) = w. By the choice of ξ 1 and ξ 2 , the restriction of q *
, where k i = (r − 2)/2 for 1 ≤ i ≤ 4 and k i = r/2 for i ≥ 5. Then by (4.66), we get that v(π * (G)) 2 = 4. Since rk(π * (G)) = r and c 1 (π * (G)) = dN , v(π * (G)) must be equal to v. Therefore K H (v) is isomorphic to M Lm (w). (I-2) We next assume that r = 0. In this case, d = 1 and (
If |ξ 1 | does not have a fixed component, it defines an elliptic fibration Km(X) → P 1 . In this case, we see that M Lm (w) is not empty and is isomorphic to a compactification of the relative jacobian. For an elliptic curve D ∈ |ξ 1 |, q
* (P 2 )), where P 1 ∈ E 1 is a 2-torson point and P 2 ∈ E 2 .
In this case, the second projection p 2 : X → E 2 induces an elliptic fibration e : Km(X) → E 2 / ± 1 = P 1 . Then the section {P 1 } × E 2 ⊂ X of p 2 induces a section σ of e. Let f be a fiber of e. Then we see that ξ 1 = σ + f . Let y be a point of E 2 / ± 1 such that e and E 2 → E 2 / ± 1 are smooth over y. Assume that M Lm (w) = ∅. Let F be an element of M Lm (w) such that Supp(F ) = σ ∪ e −1 (y). Then it is easy to see that
For the non-emptyness of M Lm (w), we quote the following easy lemma.
Lemma 4.24. Let λ be a rational number such that b/λ ∈ Z. Let n be an integer of b/λ < n < b/λ + 1. Let F be a coherent sheaf of v(F ) = w. Then F is stable with respect to σ (4.70) where I is a line bundle of degree n on a fiber of e. In particular, M σ+(λ+1)f +L ′ (w) is isomorphic to a compactification of relative jacobian.
Case (II). We assume that r is odd. Replacing v by v ch(N ), we may assume that d is even. We set
Then for a suitable linearization, N 1 descend to a line bundle ξ on Km(X). By a simple calculation, we get that (ξ 2 ) = r(a − 2r + 4). Since d is even and r is odd, condition (c) implies that a is an even integer. We set w := r + ξ + {(a − 2r + 4)/2}ω. Then we get that w 2 = 0. In the same way as above, we see that v(π * (G)) = v, which implies that Proof. Let E be a µ-semi-stable sheaf of v(E) = v. Assume that E is not µ-stable. Since H is general, there is an exact sequence
where
Then we get r(a 1 − a 2 ) = ±1. Since r > 1, this is impossible. Therefore E is µ-stable. If E is not locally free, then F := E ∨∨ is a µ-stable locally free sheaf of v(F ) = v + bω, b > 0. Since r > 1, we see that v(F ) 2 = v 2 − 4rb < 0. Hence E must be locally free.
We first assume that r > 1. We set
Then for a suitable linearization on N 1 , N 1 descend to a line bundle ξ 1 on Km(X). We set w := 2r + ξ 1 + a+1−4r 2 ω. Then we see that w 2 = 0. Let F be a µ-semi-stable vector bundle of v(F ) = w with respect to L m . By the choice of ξ 1 and λ, π * (q *
∨∨ is a µ-semi-stable vector bundle of v(π * (q * 2 (F )) ∨∨ ) = v + bω, b ≥ 0. By Lemma 4.25 and the choice of L m , q * 2 (F ) is a µ-stable vector bundle with respect to q * 2 (L m ) and π * (q *
In this case, Mukai [Mu5, Cor. 4 .5] (see Theorem 5.4) showed that Fourier-Mukai transform G P by Poincaré line bundle P on X × X gives an isomorphism
where x, y ∈ X and z ∈ X. By using (4.73), we give another description of K H (v) . Assume that y = −x and z = 0. Then E belongs to K H (v). Since ι * (P x ) ∼ = P y , G := π * (P x ⊕ P y ) has a ι-linearization. We note that the action of ι on
Then ker(ψ) is ι-linearlized locally free sheaf such that the action is trivial on ∪ i E i . Hence there is a locally free sheaf F on Km(X) such that q * 2 (F ) = ker(ψ). By our construction of ker(ψ), ker(ψ) is stable with respect to q * 2 (L m ). Hence F is stable with respect to L m . Moreover we see that ch(q * 2 (F )) = 2 − i E i − 8ω, and hence v(
Combining all together, we obtain the following theorem. In this section, we shall prove the following theorem. By Nikulin [N] , it has a primitive embedding into the K3 lattice. By the surjectivity of period map, there is a K3 surface Y whose Picard lattice is isometric to L. Since L contain a hyperbolic lattice, there is an elliptic fibration π : Y → P 1 which has a section σ. Let f be a fiber of π. If there is a reducible fiber, then we see that n = 1. Assume that n > r 2 . Then every fiber of π is irreducible. Let ξ n be a divisor such that (ξ n ) = −2n and (ξ n , f ) = (ξ n , σ) = 0.
We set w := l(r + (−ξ n + f )) + (b + lr)ω. By Remark 3.5, M σ+kf (w) = M σ+kf (w), k ≫ 0. Since w 2 = 2ls, by Proposition 4.12, it is sufficient to prove Theorem 5.1 for M σ+kf (w), k ≫ 0. By Theorem 3.21, we have an isomorphism 
Ampleness of D:
We shall prove that D is ample unless r|n − 1 and −b ≤ l(n + 1)/r + rl. Let C := ασ + λf + βξ n , α, β, λ ∈ Z be a (−2)-curve in Y . Since (ασ + λf + βξ n ) 2 = −2, λ = (nβ 2 + α 2 − 1)/α is an integer. Since every fiber is irreducible, we get α > 0. By our assumption,
2 )/r. Then we see that
unless α = rβ. If α = rβ, then λ = (nβ 2 + r 2 β 2 − 1)/rβ. This implies that β = 1 and r|n − 1. Hence if r |n−1, then D is ample. Assume that r|n−1. If −b > l(n+1)/r+rl, then we see that (D, rσ +λf +ξ n ) > 0. Therefore, D is ample. Thus our claim holds.
We shall next treat the remaining case (i.e. −b ≤ l(n + 1)/r + rl). In this case, (D, rσ + λf + ξ n ) ≤ 0. Thus D is not ample. By deforming the pair (Y, D), we shall reduce the problem to the case where D is ample. Let (Y, L) → T be a family of polarized K3 surfaces of (L 2 t ) = 2k such that the period map of polarized K3 surfaces is submersive for every point of T . Replacing T by a suitable covering, we assume that (Y, L) → T has a section. Let ζ be a numerical equivalence class of (ζ, L t ) = (D, σ + kf ) and (ζ 2 ) = 2sl. Let ̟ : Pic ζ Y/T → T be the relative Picard scheme over T and P be the universal family of line bundles. For a point x of Pic ζ Y/T , we choose a sufficiently small open neighbourhood U of x. Then by the description of the period domain, U → T is an immersion of codim T U = 1. Assume that ̟(x) corresponds to (Y, σ + kf ) and x corresponds to D. Then in a neighborhood of x, there is a point y such that ρ(Y ̟(y) ) = 2 and P y is ample. Indeed, it is easy to see that rσ + ξ n + (r + (n − 1)/r)f , D and σ + kf are linearly independent. Hence if ρ(Y ̟(y) ) = 2, then rσ + ξ n + (r + (n − 1)/r)f does not belong to Pic(Y ̟(y) ). Thus P y must be ample.
By using the family
, where ω y is the fundamental class of Y ̟(y) . Since P y is ample and P y is primitive, M L ̟(y) (c 1 (P y ) + l(r + 1)ω y ) is deformation equivalent to Hilb ls+1 Y . Therefore our theorem also holds for this case.
5.1.2.
The case where rk v = 0. We next treat the case where rk v = 0 and c 1 (v) is ample. Let Y be the same K3 surface as above. Then we have an isomorphism
In the same way as above, we see that D := ξ n + σ − bf is ample for −b > n + 2. If −b = n + 2, then (D, C) > 0 except for the (−2)-curve C = σ + ξ n + nf . Hence D and σ + kf deform to ample divisors. We note that (D 2 ) = 2(−b − 1 − n). Since we can take an arbitrary positive −b − 1 − n, our theorem also holds for this case.
5.2.
A remark on Theorem 5.1.
5.2.1.
A remark on Theorem 5.1. In the notation of 5.1, assume that r|((c 2 1 )/2 + 1) and v 2 < 2l 2 (this case corresponds to (D, ασ + λf + βξ n ) < 0). We note that v 0 := r + c 1 + {((c 2 1 )/2 + 1)/r}ω is a (−2)-vector. We set v :
For a general polarization H, let E 0 be the stable vector bundle of v(E 0 ) = v 0 . We set X 1 = X 2 = X and p i : X 1 × X 2 → X i , i = 1, 2 the projections. We set
where ∆ ⊂ X 1 × X 2 is the diagonal and ev is the evaluation map. Then E |{x1}×X2 , x 1 ∈ X 1 (resp. E |X1×{x2} ,
op which is the composition of reflection by v 0 with the taking dual functor:
Then we have the following theorem.
Proof of Theorem 5.2. Let X be a K3 surface or an abelian surface. We shall prove a generalization of Theorem 5.2 which is also a generalization of [Mu5, Cor. 4.5] . In order to state our theorem (Theorem 5.4), we prepare some notations.
Let v 1 := r 1 + c 1 + a 1 ω X , r 1 > 0, c 1 ∈ NS(X) be a primitive isotropic Mukai vector on X. For a general ample divisor H, we set Y := M H (v 1 ). Assume that there is a universal family E on X × Y . We set
where p X : X × Y → X (resp. p Y : X × Y → Y ) be the projection. Then H E gives an equivalence of categories and the inverse is given by
We also denote the inverse (H
Assume that L is ample. Then Lemma 3.6 implies that L is ample, if Y consists of µ-stable vector bundles. By the proof of [Y7, Lem. 2 .1], Y consists of µ-stable vector bundles unless E is given by (5.5). In this case, a direct computation (or [Li] ) shows that L is ample.
Assume that (⋆) (i) L is an ample divisor on X which is general with respect to v and L is an ample divisor on Y which is general with respect to −H
Remark 5.2.
• If NS(X) = Z, then the assumption (⋆) holds.
• If X is abelian or Y consists of non-locally free sheaves, then the assumption (⋆) holds for a general L.
(5.14)
This means that E is not semi-stable. Therefore H 1 E (E) is semi-stable.
Appendix I
In this appendix, we shall prove the following proposition. 
is a family of abelian surfaces with a section, then we have a family of morphisms
The proof is similar to [Y3, Prop. 3.3] . Since our assumption on v is weaker than that in [Y3, Prop. 3 .3], we repeat the proof again.
Let g : Pic X /T → T be the relative Picard scheme. We denote the connected component of Pic X /T containing the section of g which corresponds to the family dL by Pic
T is a smooth morphism. Let h : M X /T (v) → T be the moduli scheme parametrizing S-equivalence classes of L t -semi-stable sheaves E on X t with v(E) = v t [Ma1] . Let D be the closed subset of M X /T (v) consisting of properly L t -semi-stable sheaves on X t . Since h is a proper morphism, h(D) is a closed subset of T . Since h(D) does not contain t 1 and T is an irreducible curve, h(D) is a finite point set. Since our problem is local, we may assume that h(D) = {t 0 }. Let H be a general ample divisor on X t0 . Let s : Spl X /T (v) → T be the moduli space of simple sheaves E on X t , t ∈ T with v(E) = v t [A- K, Thm. 7.4] . Let U 1 be the closed subset of s −1 (T \ {t 0 }) consisting of simple sheaves on X t , t ∈ T \ {t 0 } which are not stable with respect to L t and U 1 the closure of U 1 in Spl X /T (v). Let U 2 be the closed subset of s −1 (t 0 ) consisting of simple sheaves which are not semi-stable with respect to H. In Lemma 6.3, we shall prove that
is an open subspace of Spl X /T (v) which is of finite type and contains all H-stable sheaves on X t0 . By using valuative criterion of separatedness and properness, we get that s : M(v) → T is a proper morphism. Indeed, since M(v) × T (T \ {t 0 }) → T \ {t 0 } is proper, it is sufficient to check these properties near the fibre X t0 . The separatedness follows from base change theorem and stability with respect to H (cf. [A-K, Lem. 7.8]), and the properness follows from the following lemma (Lemma 6.3) and the projectivity of M(v) t0 . Since Pic ξ X /T → T is a smooth morphism, [Mu3, Thm. 1.17] implies that s : M(v) → T is a smooth morphism. Thus (1) holds.
We next prove the second claim. By the proof of [Mu4, Thm. A.5] , there is a quasi-universal family E on M(v) × T X . Since L is relatively ample, there is a locally free resolution of E. Hence we can define Chern character of E.
, where td X /T is the relative Todd class of X → T and ρ is the similitude of E. Therefore θ vt is a homomorphism between local systems.
Assume that p T is a family of abelian surfaces with a section σ. Then R 4 p T * Z ∼ = Zσ and we have a flat family of coherent sheaves V 1 and V 2 on X such that v((V 1 ) t −(V 2 ) t ) = v t , t ∈ T . Moreover there is a universal line bundle on X × T Pic 0 X /T . Hence by using V 1 −V 2 , we can define a morphism a :
Proof. We set L R := L⊗ OT R. Let P (x) be the Hilbert polynomial of L with respect to L R . Let E be a locally free sheaf on X such that there is a surjective homomorphism E ⊗ OT R → L, and we shall consider the quot scheme Q := Quot P (x) E/X /T . Then L defines a morphism τ : Spec(R) → Q such that L = (τ × T 1 X ) * Q, where Q is the universal quotient. Let Q 0 be the connected component of Q which contains the image of Spec(R). Since Spec(R) → T is dominant, q : Q 0 → T is dominant, and hence surjective. Since NS(X t1 ) = ZL t1 , we get that c 1 (Q q1 ) = lc 1 (L q1 ), l ∈ Z, where q 1 ∈ q −1 (t 1 ). Hence c 1 (Q) = lc 1 (L ⊗ OT O Q0 ) as an element of R 2 p Q0 * Z, where p Q0 : X × T Q 0 → Q 0 is the projection. Therefore we get our lemma.
Lemma 6.3. Keep the notation as above. Let R be a discrete valuation ring, K the quotient field of R, and k the residue field of R. Let Spec(R) → T be a dominant morphism such that Spec(k) → T defines the point t 0 .
(1) Let E be a R-flat coherent sheaf on X R such that E K := E ⊗ R K is not semi-stable with respect to L K . Then E t0 is not semi-stable with respect to any ample divisor on X t0 . (2) For a L K -stable sheaf E K on X K , there is a R-flat coherent sheaf E on X R such that E ⊗ R K = E K and E ⊗ R k is a H-stable sheaf.
(1) We first assume that rk E > 0. Since E K is not semi-stable, there is a quotient sheaf
Let E → F be a flat extension of E K → F K . By Lemma 6.2, (6.1) and (6.2) implies that c 1 (E)/ rk E − c 1 (F )/ rk(F ) = lc 1 (L R ), l ∈ Q ≥0 . Since (c 1 (L t0 ), H) > 0 for any ample divisor H on X t0 , similar relations to (6.1), (6.2) hold for F ⊗ R k. Thus E ⊗ R k is not semi-stable with respect to any ample divisor on X t0 .
If rk E = 0, then by using the inequality
we can prove our claim.
(2) The proof is very similar to [Y3, Lem. 3.4] . In [Y3] , we only consider the case where µ-semi-stable sheaves are µ-stable. By using a similar method as in the proof of (1), we can easily modify the arguments in the second paragraph of the proof of [Y3, Lem. 3.4] .
By [Y5, Lem. 2.1] , E is a µ-stable sheaf. Therefore our claim holds. If r 2 = 1, then −χ (O X (d 2 H) ). We choose points x 1 , x 2 , . . . , x b ∈ X such that H 0 (X, I Z (d 2 H)) = 0, where Z = {x 1 , x 2 , . . . , x b }. If we take a suitable surjection φ : E ′ → ⊕ b i=1 C xi , then E := ker φ fits in an exact sequence 0 → I Z (d 2 H) → E → E 1 → 0. (7.3)
Since v(E) = v, E is a desired element of M H (v). Next we assume that a 1 = d 2 = 0. Then we get d = d 1 = 1. By Proposition 3.5, the claim holds.
By using Lemma 7.1, we get the following proposition. Proof. We choose integers a 1 , a 2 , . . . , a l such that l i=1 a i = a and a i ≤ 0 for 1 ≤ i ≤ l. We set v i := r + dH + a i ω. By Lemma 7.1, we can choose elements E i ∈ M H (v i ), 1 ≤ i ≤ l such that H 0 (X, E i ) = 0. We set E := ⊕ l i=1 E i . Then E is µ-semi-stable and H 0 (X, E) = 0. Since v 2 ≥ 2l 2 , the proof of [Y5, Lem. 4 .4] implies that our proposition holds.
The following is the same as Theorem 4.17 (i). Proof. We first prove (1) by induction on n. By Proposition 3.2, the assertion holds for n = 1. For n > 1, we choose a curve C of C ≡ H (numerical equiv.). Since H 0 (X, O X (H) ⊗ P y ) → H 0 (X, O Z (H) ⊗ P y ) is surjective for some y ∈ X because of the claim for n = 1, we may assume that C does not meet Z. Then we have an exact sequence 0 → I Z ((n − 1)H) → I Z (nH) ⊗ P y → O C (nH) ⊗ P y → 0. (7.4) Since deg(O C (nH)) = n(2g(C) − 2) > 2g(C) − 2, H 1 (X, O C (nH) ⊗ P x ) = 0 for all x ∈ X. Hence if H 1 (X, I Z ((n − 1)H) ⊗ P x ) = 0 except finitely many points x ∈ X, then the claim also holds for I Z (nH). For the claim (2), we use Remark 3.1 instead of Proposition 3.2.
Lemma 7.5. Assume that v = r + H + aω satisfies r > 1 and 2r > (H 2 ) − 2ra ≥ 0. Then there is a locally free sheaf E ∈ M H (v) such that E fits in an exact sequence 0 → ⊕ r−1 i=1 P xi → E → I Z (H) → 0, (7.5) where x i ∈ X.
Proof. By our assumption, M H (a+ H +r ω) = ∅. We choose an element F ∈ M H (a+ H +r ω). By Proposition 3.2, WIT 2 holds for F with respect to G P and G 2 P (F ) belongs to M H (v). Since r > 1, we may assume that E := G 2 P (F ) is locally free. We show that E satisfies our claim. Let x 1 , x 2 , . . . , x r−1 be distinct points of X. Lemma 7.6. Assume that a ≥ 0. If there is an element E ∈ M H (r + dH + (a + b)ω), b > 0 such that H 1 (X, E) = 0, then there is an element F ∈ M H (r + dH + aω) such that H 1 (X, F ) = 0.
Proof. We note that dim H 0 (X, E) = a + b. For general points x 1 , x 2 , . . . , x b ∈ X and a general surjection
C xi ) is surjective. Hence H 1 (X, ker f ) = 0. Since ker f is µ-semi-stable, [Y7, Rem. 4.4] implies that there is an element F ∈ M H (r + dH + aω) of H 1 (X, F ) = 0. Proof. We note that Hom(E, P x ) = 0 for all x ∈ X and E ∈ M H (r + dH + aω). Hence G 1 P (E) is torsion free.
If Ext
1 (E, P x ) ∼ = H 1 (X, E ⊗ P −x ) ∨ = 0 for some x ∈ X, then G 1 P (E) = 0. Thus WIT 1 holds for a general E. So we shall show that H 1 (X, E ⊗ P −x ) ∨ = 0 for some x ∈ X. By Lemma 7.6, it is sufficient to show our claim under the assumption 2r > d 2 (H 2 ) − 2ra ≥ 0. By Lemma 7.4, our claim follows from Lemma 7.5.
We next treat the case where d ≡ −1 mod r.
Lemma 7.8. Let E be a stable sheaf in Lemma 7.5. Then A := E(−H) satisfies that H 1 (X, A ∨ (nH)⊗P x ) = Ext 1 (A(−nH), P x ) = 0, n ≥ 0 for a general x ∈ X.
Proof. We note that there is a curve C of C ≡ H which does not meet Z. We first show that Ext 2 (A |C , P x ) = H 0 (X, A |C ⊗ P ∨ x ) ∨ = 0 for a general x ∈ X. Since χ(O C ) = −(H 2 )/2 < 0, for a general x ∈ X, we have
. Hence H 0 (X, I Z|C ⊗ P ∨ x ) = 0 for a general x ∈ X. Therefore H 0 (X, A |C ⊗ P ∨ x ) = 0 for a general x ∈ X. If n > 0, then we have H 0 (X, A(−nH) |C ⊗ P ∨ x ) = 0 for all x ∈ X. We consider an exact sequence induced by (7.5): (H) . .2 implies that H 1 (X, J i /J i−1 ⊗ P x ) = 0 for a general x ∈ X. Therefore H 1 (X, J ⊗ P x ) = 0 for a general x ∈ X, which implies that H 1 (X, A ∨ ⊗ P x ) = 0 for a general x ∈ X. Since Ext 2 (A(−(n − 1)H) |C , P x ) = 0 for n ≥ 1 and a general x ∈ X, by using an exact sequence 0 → A(−nC) → A(−(n − 1)C) → A(−(n − 1)C) |C → 0 (7.9) we get that Ext 1 (A(−nC), P x ) = 0 for a general x ∈ X.
By Lemma 7.8, we get the following theorem. Proof. By Lemma 7.6, we may assume that 2r > d 2 (H 2 ) − 2ar ≥ 0. By Lemma 7.8, there is a locally free sheaf E ∈ M H (r + dH + aω) such that H 1 (X, E) = 0. Therefore we get our claims.
In order to complete the proof of Theorem 4.17 (ii), we need two more results. Proof. Obviously H 1 (X, O X (dH) ⊕r ) = 0. Since a ≤ rd 2 (H 2 )/2, by Lemma 7.6, we get our claim.
Proposition 7.11. G P induces a birational map M H (4 + (4n + 2)H + aω) · · · → M H (a + (4n + 2) H + 4 ω), if n ≥ 0 and a is an odd positive integer.
Proof. We set v = 4 + (4n + 2)H + {(2n + 1) 2 (H 2 )/2}ω. Then v 2 = 0. Let E be a semi-stable sheaf of v(E) = v. Since E is semi-homogeneous, H 1 (X, E) = 0. Since a ≤ (2n + 1) 2 (H 2 )/2, by Lemma 7.6, we get our claim.
Combining all together (Theorem 7.7, 7.9, 7.10 and Proposition 7.11), we get Theorem 4.17 (ii).
